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With relevance to the study of external cooling of the working blades 
of gas turbines by air-liquid mixtures, a solution has been obtained 
for the problem of heat conduction of an infinite plate with periodic 
variations of the heat transfer coefficient and of the temperature of 
the surrounding medium. 

Ana lys i s  of the causes  which h inder  the widespread  
use  of wel l -known methods  of i n t e r n a l  cooling applied 
to the ro to r  b lades  of gas t u rb ine s  leads one to con-  
s i de r  how to achieve ex te rna l  cooling without i n t e r -  
f e r ing  with ro to r  design.  
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Fig.  1. The h e a t - t r a n s f e r  coef-  
f ic ient  and the t e m p e r a t u r e  of 
the s u r r o u n d i n g  med ium as a 

funct ion  of t ime.  

Refe rence  [1] has suggested  cooling of the blades  
of a tu rb ine  ro to r  by an a i r - l i q u i d  m i x t u r e  d i s -  
charged  f rom a c e r t a i n  n u m b e r  of hollow s ta to r  
blades .  In this  s y s t e m  drops  of l iquid fa l l ing  onto the 
sur face  of the nozzle  b lades  are  heated and vapor ized .  
If the t e m p e r a t u r e  of the cooled blades  is  c o m p a r -  
a t ively high (g rea te r  than 600 ~ C) then,  for  a s m a l l  
n u m b e r  of cooling e l e m e n t s ,  the drops  wil l  be evap-  
ora ted  f r o m  the su r face  of the blades  and the hea t -  
t r a n s f e r  p r o c e s s  between the med ium and the blades  
wil l  have a pronounced  per iod ic  cha rac t e r ,  due to the 
d i f ference  in the h e a t - t r a n s f e r  coeff ic ients ,  and in the 
t e m p e r a t u r e s  of the gas and the cooling agent. 

If the v a r i a t i o n s  of the h e a t - t r a n s f e r  coeff ic ient  and 
of the t e m p e r a t u r e  of the med ium a re  as shown i n F i g .  1, 
then solut ion of the hea t -conduc t ion  p r o b l e m  for  an i n -  
f in i te  plate  would allow us  to e s t ima te  the poss ib i l i t y  
of, and the spec ia l  f e a tu r e s  of, ex te rna l  cooling of 
tu rb ine  blades .  

Pr ikhod 'ko  [6], unde r  the d i r ec t ion  of the p r e s e n t  
author,  has d e t e r m i n e d  the t e m p e r a t u r e  f ie ld  of a 
pla te  for  an a r b i t r a r y  v a r i a t i o n  with t ime of the hea t -  
t r a n s f e r  coeff ic ient  and the t e m p e r a t u r e  of the s u r -  
rounding  medium.  This was achieved by reduc ing  the 
p r o b l e m  to a S t u r m - L i o u v i l l e  sys t em,  equiva lent  to 
a F r e d h o l m  in t eg ra l  equat ion of the second kind, and 
by applying a spec ia l  b i l i n e a r  s e r i e s  to expand the 
kerne l  of the in t eg ra l  equation.  

However,  it  i s  diff icul t  to use  this  solut ion for  the 
pe r iod ic  laws of v a r i a t i o n  of med ium t e m p e r a t u r e  and 
h e a t - t r a n s f e r  coeff ic ient  that i n t e r e s t  us ,  s ince  t m and 
a m cannot  be e xp r e s se d  in  t e r m s  of ana ly t ica l  func-  
t ions.  Rep re sen t a t i on  of these  by the appropr ia te  
F o u r i e r  s e r i e s  leads  to ex t r eme  ma thema t i ca l  d i f f i -  
cu l t ies  in a t tempt ing  to proceed  f r o m  the above so lu -  
tion. 

The mos t  impor t an t  aspects  of our  p rob lem are  the 
ques t ions  of what is  the m e a n - i n t e g r a l  plate t e m p e r a -  
tu re  in a q u a s i - s t e a d y  s tate ,  i . e . ,  by how much can 
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Fig.  2. Heat flux at the 
plate  sur face  as a f unc -  

t ion of t ime.  

the t e m p e r a t u r e  of a hot plate ,  located in  a med ium 
with per iodic  v a r i a t i o n  of t m and a m ,  be reduced,  and 
what wil l  then be the range  of t e m p e r a t u r e  osc i l l a t ions  
at i ts  sur face .  

To answer  the f i r s t  quest ion,  we s t a r t  f r o m  the the-  
s i s  that for  a q u a s i - s t e a d y  s ta te  ( ~ - ~ )  the m e a n -  
i n t eg ra l  t e m p e r a t u r e  of all  points  of the body does not 
depend on i ts  d i m e n s i o n s  when the act ion of the m e -  
d ium on the body is  per iod ic .  On this  ba s i s  we solve 
the p r o b l e m  of d e t e r m i n i n g  ~(~)  for  a body that is  thin 
in the t h e r m a l  sense .  The so lu t ion  for  a r b i t r a r y  pc -  
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r iod ic  laws of va r i a t i on  of t m and a m has been  given 
in [2]. If we use  this solut ion,  then, for  the laws of 
v a r i a t i o n  of t m and a m cons ide red ,  we obtain an ex -  
p r e s s i o n  for  the body t e m p e r a t u r e  at the end of the 
m - t h  per iod:  

t (T1)rn = i o -t- exp { - - i n k  [%-fi + ag(T 1 - -  r @ 

~- ( ta [1 - -  exp (--k %r exp [--k etg(T 1 - -  "t'a)] q- 

+ tgexp[--k % (T,--~c,)]) ( 1 - -  exp { --k [%% -q-, 

"1- ag(T 1 -- lq)l}): 1 X 

• {1--exp{--rnk[%,,  + %(T~--r (1) 

Hence,  for  suff ic ient ly  l a rge  m,  i . e . ,  fo r  a q u a s i -  
s teady s tate ,  

t (T1),~ = t (o~) = ( ta [ 1-- exp (--k aa~l)] exp [--k %• 

• (T a - -  %)] Jr tg exp [--k ag(T  a - -  -q)]) • 

x (l--exp {-- k [%Wl -k ag(T1 - -  w,)] })". (2) 

The t e m p e r a t u r e  % of a thin body within  the f i r s t  
sec t ion ,  and in  the second sec t ion  T 1 -~-1, of the 
(m + 1)-th pe r iod  (for suff ic ient ly  l a rge  m) a re  c a l c u -  
la ted to be 

t (T1)m+l,, = t' ( ~ )~, = [a -- [ ta - - t  (T1),=] exp (--k % r (3) 

t (T1)m+~, r, = t (~)r ,  = 

= tg - -  ( t  a - -  tg) exp [--k % (T a - *~)l - -  

- [ t a - - t ( T J J e x p { - - k [ % r  }. (4) 

If we subs t i tu te  the value of t ( T 0 m  f r o m  (2) into (3) 
and (4), and d e t e r m i n e  the m e a n - i n t e g r a l  t e m p e r a t u r e  
of the thin body in the q u a s i - s t e a d y  s ta te  over  the pe -  
r iod  T1, the f ina l  e x p r e s s i o n  is obtained in the f o r m  

t(c~)= ~a tq_Ta--r 1_ 1) / ~ g - - t  a 
T1 a T~ \ %  -~a- kT1 

• 

• [ I - -  exp (--kaa'th)] { 1--exp [--  k %(T~ - -  r } (5) 
1--exp { - -  k [Ctar 1 q- ag(T l - -  "t'l) ] 

The las t  t e r m  of (5) e x p r e s s e s  the inf luence  of the 
per iod ic  law of v a r i a t i o n  of a m on the m e a n - i n t e g r a l  
body t e m p e r a t u r e .  Fo r  a high osc i l l a t ion  f r equency  of 
a m and tin,  e x p r e s s i o n  (5) takes  the s i m p l e r  f o r m  

t(oO) = ta (~ar "@ {g C~g (T1--'t'l) (6) 
c%'[: a q- %(T1- -q )  ' 

s ince  for  x < 0 .01,  to a suff ic ient  degree  of accuracy ,  

1 
exp ( - -x )=  

l + x  

By in t roduc ing  the equiva len t  h e a t - t r a n s f e r  coeff i -  
c ient  

T 1 T 1 - -  T 1 %q--= % - -  q- a g - - ,  (7) 
T1 Tx 

we can r e p r e s e n t  the solut ion of (1) in the f o r m  

t (TOm = t (Tam) = t (T) = 

( 
T~-lk i2,eqr ( 8 )  = Aexp \ -  

where  A =f(t0, t a, tg, a a ,  C~g, k, T~, %), and does not 
depend on r .  There fo re  the t e m p e r a t u r e  of a thin body 
fo r  per iod ic  va r i a t i on  of a m  and tm proves  to be an 
exponent ia l  funct ion of t ime,  as m e a s u r e d  by the i n -  
t ege r s  T 1. This fact  allows us to de t e r mi ne  e x p e r i -  
men ta l ly  the equiva lent  heat t r a n s f e r  coeff ic ient  by the 
methods of r e gu l a r  r e g i m e  theory,  and not only for  
thin bodies.  In the case cons ide red ,  f o r h i g h o s c i l l a t i o n  
t ion f r equenc ie s  of a m and tm, the t e m p e r a t u r e  o s -  
c i l l a t ions  at all  points  of the body, as was shown above, 
a re  sma l l  in c o m p a r i s o n  with the range  of osc i l l a t ions  
of t in,  and so, by neglec t ing  these osc i l l a t ions ,  we 
can a s s u m e  that the t e m p e r a t u r e  f ield of the body 
wil l  v a r y  as it  would if the body were acted on by a 
med ium with constant  t e m p e r a t u r e  t m = t(oo) at a con-  
s tan t  heat t r a n s f e r  coeff ic ient  a = C~eq. 

Thus,  f l a g ,  aeq ,  T 1, and % a re  known, we can 
ca lcula te  the mean  t e m p e r a t u r e  "~(oo) of the plate ,  and 
e s t ima te ,  in f i r s t  approximat ion ,  the e f fec t iveness  
of ex te rna l  cooling of the ro to r  b lades  in gas t u r -  
b ines .  

Having d e t e r m i n e d  the m e a n - i n t e g r a l  t e m p e r a t u r e  
for  a q u a s i - s t e a d y  s ta te ,  we can expla in  how the plate  
t e m p e r a t u r e  osc i l l a t es  r e l a t ive  to i ts  mean  value [5]. 
To do this we solve the fol lowing p rob lem.  

We are  given an inf ini te  plate  of th ickness  2R at a 
t e m p e r a t u r e  of t(x, 0) = ~(~o). Both su r f aces  of the 
plate  are  exposed to a pe r iod ica l ly  va r y i ng  heat  flux 
qm = am[~(r - tin] {Fig. 2). We have to f ind the 
t e m p e r a t u r e  d i s t r ibu t ion  through the pla te  some  i n -  
s lan t  of t ime.  

We have 

Or(x, r O2t (x, ~) 
- - a - -  (9) 

O �9 Ox ~ ' 

t(x, o) = 7(oo) = to, ( lO) 

where  

ot (R, r + qm= 0, (11) 
Ox 

t qa for 0 < ~ <  ~1, (12) qm= ( qg for ~ a < r  

at (0, ~) = 0 (13) 
Ox 

We solve the p rob lem by an opera t iona l  method.  
As is  known [3], the s o l u n o n  of the hea t -conduc t ion  

equat ion for  the t r a n s f o r m  of a funct ion,  taking into 
account  (13), has the f o r m  

to / T  
q)(x, s) s -- Qch ~/  ~-  x. (14) 
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The t r a n s f o r m  of the heat  flux is  

q a  
Q (s) = L [qml 

(Ti-- xi) s 

T, [ 1-- exp (--xi s)l - -  T1 [ 1-- exp (--Tls)l 

1 - -  exp (--T~s) 

1 - -  exp ( - - h  s)-- ~1 [ 1 - -  exp (--  Tis )1 
Ti _ h q  

S 

where 

1--exp ( - -  Tis ) 

h q = q ~ - - q g  and q~xx=qs(Tx--~]). 

(15) 

If we subs t i tu te  (15) into the boundary  condi t ion (11) 
wr i t t en  for  the t r a n s f o r m  of the funct ion,  and taking 
into account (14), we f ind the solut ion for  the t r a n s -  
f o r m  

(I9 (x, s) to A q - -  • 

s ~,s 

1--exp (--x, s)-- ~ -  [ 1 - -  exp ( - - T  1 s)] 

• X 
1--exp ( - -  Txs) 

ch x 
• 06) 

In o rde r  to go back to the o r ig ina l  funct ion we mus t  
apply the i n v e r s e  Laplace t r a n s f o r m  and the Cauchy 
r e s idue  theorem.  Here  we can r e s t r i c t  the d e t e r -  
mina t ion  of r e s i d u e s  to the poles  located along the 
i m a g i n a r y  axis,  i . e . ,  in the roots  of the equat ion 
1 - e x p ( - s T  1) = 0 (whence s = =~2k~ri/T, where  k = 1 
2, 3 , . . .  ), s ince  the per iod ic  pa r t  of the solut ion is 
d e t e r m i n e d  only by 

2 res=  2 exp ,s) 

k # 0  

% [1-- exp (__Vis)] 1 - -  exp (~, s) - -  

X X 
d 
d%- [~-  ~xp(- ~r,)] 

i2kn i  ) 
= J \ TI 1 - -  exp 2k ~ i 

k=l I 2k~ri --  Ti xi x 

X 

[ 2kni  ) ~ h , / - ~  ~i x e x p , - - -  
V aTi ~ T~ 

V 2 k ~ i  sh / - 2 ~  
aT, 1 /  _aT i R 

2kni  

ch 1 /  2k i I 
x [ 1 - -  [2k~i  X] _= V= aTa 

e x p / - - ~ x / /  r = 
2k ~x i ~u . ~ n[  

A ((o--. q~)~ B (~ q-_~) ( 1 7 ) 
k=1 ~ 2kg l ~ ( s h  2rcos 2 r + c h  2rsin 2r) 

$ 

V aT1 

where  

A = ch p cos p sh r cos r -? sh p sin p ch r sin r; 

B = ch p cos p ch r sin r -F sh p sin p sh r cos r; 

(o = sin b �9 - -  sin b (x - -  ~l); 

(p = cos b ~ --cos b ( ~ -  ~); 

V k~' ,  k~ak@i 2k~ 
p =  ~ W~ ~= R ; O =  r ~ .  

(18) 

Thus,  the 
tu re  is  

per iod ic  component  of the plate  t e m p e r a -  

t(x, x ) - - t  o hq  X 

aT~ 

XE A(r q)) - -  B (r 4 q)) 

(sh', cos~; u ~h~--; ~ ~ k3~. 
(19) 

Since the r e m a i n i n g  poles  of funct ion  (16) l ie  at 
ze ro  and on the left  s ide of the r e a l  axis,  the r e s i d u e s  
c o r r e spond i ng  to these  allow us to obtain the cons tan t  
and aper iodic  pa r t s  of the solut ion.  However,  there  
is  no need to d e t e r m i n e  these ,  s ince  the cons tant  pa r t  
of the solut ion,  r e p r e s e n t i n g  the mean  devia t ion  of 
pla te  t e m p e r a t u r e  f r o m  the m e a n - i n t e g r a l  value for  a 
q u a s i - s t e a d y  s ta te ,  is negl ig ib ly  smal l .  The s ign of 
this  quant i ty  depends on the s ign of qm at t ime  zero.  
The sum of the s e r i e s  of exponent ia l s ,  d e t e r m i n i n g  
the aper iodic  pa r t  of the solut ion,  is impor t an t  only 
for  sma l l  T, as reckoned  f r o m  the s t a r t  of examina t ion  
of the p r o c e s s ,  and for  ~- --*~ this  s u m  tends to zero ,  

The l a r ge s t  t e m p e r a t u r e  osc i l l a t ions ,  of cou r se ,  
wil l  occur  at the pla te  su r face .  

For, 

x = R )  p = r ,  A = l s h 2 r ,  
2 

and 

B =  1 sin2r(ch ~ r - s h  2r) 
2 

Aq x t(R, O--to 

co 
~-~ sh 2r ~ - -  cp) - - s in  2r (ch~ r --sh2 r) (to Jr r) 

x z~ 2 (sh 2 r cos 2 r 4- ch ~ r sin 2 r)k 3/2 " 
(20) 
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If we a s s u m e  that  fo r  gas  t u r b i n e s  wi th  n = 50 r p s ,  
and with  cool ing  agents  supp l i ed  only f r o m  two b l a d e s  
of the nozz le  d i a p h r a g m  r > 5(k) t/2, with s h r  = c h r  in 
p r a c t i c e ,  we obta in  

2sin -~-~ Aq 
4 

t ( R ,  "0--to = X 

k3/2 (21) L 
k=! 

The r ange  of t e m p e r a t u r e  o s c i l l a t i o n s  of the p l a t e  
s u r f a c e  is  

At(R) = t ( R , . ~ , ) - - t ( R ,  O) - -  a q  x 

T 1 

L L 3 sin e k ~ T~ A q k -  ~- 
x ka/2 < ~ 

k=l 

V ~  (22) 
= h q  2.133~ ' 

L s ince  the s u m  k -~- = 2.612 [7]. 
k=l 

Put t ing  a = 6" 10 -6 m 2 / s e c ,  X = 20 W/re .  deg  and 
T 1 = 2 . 1 0  -4 sec ,  we obta in  

A t (R) < 0.8.10 -6 A q. 

C a s e s  a r e  p o s s i b l e  in which  T 1 wi l l  have an a p p r e -  
c i ab l e  va lue .  Thus,  fo r  n = 50 rp s ,  and with two s p r a y  
n o z z l e s ,  T 1 = 0:01 see .  In th i s  c a s e  

At(R) < 5.6.10-6A q, 

and if Aq = 106 W/m 2, then At(R) < 5 .6  ~ whi le  if Aq = 
= 107 W/m ~-, we have  At(R) < 56 ~ C. 

The r e s u l t s  of e x p e r i m e n t s  have shown in [1,4],  
that  fo r  va lue s  of the p a r a m e t e r s  tha t  a r e  t yp i ca l  of 
c o n t e m p o r a r y  gas  t u rb ine s ,  the  va lue  of Aq with  e x -  
t e r n a l  a i r - w a t e r  cool ing  i s  the o r d e r  of 106 W/m 2. 
Then At(R) < 5.6 ~ Subsequent ly ,  if i t  t u rns  out in  that  
Aq = 107 W/m 2, then even  with  u n f a v o r a b l e  condi t ions  
(low c y c l e  f r equency)  the r a n g e  of o s c i l l a t i o n s  of the 

b l ade  s u r f a c e  t e m p e r a t u r e s  At(R) wi l l  be l e s s  than 
56 ~ C. On th i s  ev idence  i t  can be  a s s e r t e d  that  p o s s i b l e  
o s c i l l a t i o n s  of s u r f a c e  t e m p e r a t u r e  of the r o t o r  b l a d e s  
of a gas  tu rb ine  with a i r - l i q u i d  cool ing  cannot  be an 
o b s t a c l e  to the p r a c t i c a l  app l i ca t ion  of th is  method of 
cool ing.  

N O TA T I ON 

Here  t m i s  the t e m p e r a t u r e  of the m e d i u m ;  c~ m is  the 
hea t  t r a n s f e r  coef f ic ien t ;  T 1 i s  the p e r i o d  of o s c i l l a t i o n  
of tm,  a m ;  ~'1 i s  the t ime  of ac t ion of the cool ing  agent  
on the body; tg and t a a r e  the t e m p e r a t u r e s  of the gas  
and of the  cool ing  agent;  o~ a is  the coef f i c ien t  of hea t  
t r a n s f e r  be tween  the  cool ing  agent  and the body; ~g  is 
the  coef f ic ien t  of the hea t  t r a n s f e r  be tween  the gas -and  
the body; k = ~ F / c  yV; ~ i s  the coe f f i c i en t  c h a r a c t e r -  
i z ing  the nonun i fo rmi ty  of t e m p e r a t u r e  d i s t r i b u t i o n  in 
the body; F and V a r e  the s u r f a c e  a r e a  and vo lume  of 
the  body;  Y and c a r e  the dens i ty  and spec i f i c  hea t  of 
the  body;  a i s  the t h e r m a l  d i f fus iv i ty ;  qm is  the hea t  
f lux through the body s u r f a c e ;  R i s  the h a l f - t h i c k n e s s  
of the p l a t e ;  X is  the t h e r m a l  conduct iv i ty .  
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